Abstract. Let K be an algebraically closed field. Let (Q, Sp, I) be a skewed-gentle triple, (Q sg , I sg ) and (Q g , I g ) be its corresponding skewed-gentle pair and associated gentle pair respectively. It proves that the skewed-gentle algebra KQ sg / I sg is singularity equivalent to KQ/ I . Moreover, we use (Q, Sp, I) to describe the singularity category of KQ g / I g . As a corollary, we get that gldim KQ sg / I sg < ∞ if and only if gldim KQ/ I < ∞ if and only if gldim KQ g / I g < ∞.
Introduction
The singularity category of an algebra is defined to be the Verdier quotient of the bounded derived category with respect to the thick subcategory formed by complexes isomorphic to bounded complexes of finitely generated projective modules [9] , see also [16] . Recently, Orlov's global version [20] attracted a lot of interest in algebraic geometry and theoretical physics. In particular, the singularity category measures the homological singularity of an algebra [16] : the algebra has finite global dimension if and only if its singularity category is trivial.
A fundamental result of Buchweitz [9] and Happel [16] states that for a Gorenstein algebra A, the singularity category is triangle equivalent to the stable category of (maximal) CohenMacaulay (also called Gorenstein projective) A-modules, which generalized Rickard's result [22] on self-injective algebras.
As an important class of Gorenstein algebras [15] , gentle algebras were introduced in [2] as appropriate context for the investigation of algebras derived equivalent to hereditary algebras of typeÃ n . Moreover, many important algebras are gentle, such as tilted algebras of type A n , algebras derived equivalent to A n -configurations of projective lines [10] and also the cluster-tilted algebras of type A n ,Ã n [1] . As a generalization of gentle algebras, skewed-gentle algebras were introduced by Geiß and de la Peña [14] , and they also proved that skewed-gentle algebra is Morita equivalent to a skew-group algebra of a gentle algebra (which is called the associated gentle algebra in this note) with a group of order two. In this way, the skewed-gentle algebras and gentle algebras share many common properties, such as Gorenstein property [15] , and the derived categories [6, 7] , etc.. For singularity categories of gentle algebras, Kalck determines their singularity category by finite products of n-cluster categories of type A 1 [17] .
The aim of this note is to describe the singularity categories for skewed-gentle algebras, following Kalck's work [17] . In order to state our main results, we need introduce some notations. Let (Q, Sp, I) be a skewed-gentle triple, (Q sg , I sg ) its corresponding skewedgentle pair, and (Q g , I g ) its associated gentle pair. Inspired by [12] , which shows a certain homological epimorphism between two algebras induces a triangle equivalence between their singularity categories, we prove that there is a morphism of this type between the skewedgentle algebra KQ sg / I sg and the gentle algebra KQ/ I , and so they are singularity equivalent, see Theorem 3.5. Besides, with the help of [17] , we also use (Q, Sp, I) to describe the singularity categories of the associated gentle algebra KQ g / I g , and then get the relation between it and the singularity category of KQ sg / I sg , see Theorem 4.4. As a direct corollary of them, we get that the global dimension of KQ sg / I sg is finite if and only if the global dimension of KQ g / I g is finite, if and only if the global dimension of KQ/ I is finite, without any restriction on the characteristic of the field K, see Corollary 4.5.
Throughout this note, we always assume that K is an algebraically closed field. For any finite set S, we denote by ♯(S) the number of the elements in S. For any algebra A, we denote by gldim A its global dimension.
Let Q be a quiver and I an admissible ideal in the path algebra KQ which is generated by a set of relations I. Denote by (Q, I) the bound quiver. For any arrow α in Q we denote by s(α) its starting vertex and by t(α) its ending vertex. An oriented path (or path for short) p in Q is a sequence p = α 1 α 2 . . . α r of arrows α i such that t(α i ) = s(α i−1 ) for all i = 2, . . . , r. For any two paths p 1 , p 2 in (Q, I), we denote by p 1 ∼ p 2 the relation of
2.1. Gentle algebras. We first recall the definition of special biserial algebras and of gentle algebras.
Definition 2.1. [23]
The pair (Q, I) is called special biserial if it satisfies the following conditions.
• Each vertex of Q is starting point of at most two arrows, and end point of at most two arrows.
• For each arrow α in Q there is at most one arrow β such that αβ / ∈ I, and at most one arrow γ such that γα / ∈ I.
Definition 2.2. [2]
The pair (Q, I) is called gentle if it is special biserial and moreover the following holds.
• The set I is generated by zero-relations of length 2.
• For each arrow α in Q there is at most one arrow β with t(β) = s(α) such that αβ ∈ I, and at most one arrow γ with s(γ) = t(α) such that γα ∈ I.
A finite dimensional algebra A is called special biserial (resp., gentle), if it has a presentation as A = KQ/ I where (Q, I) is special biserial (resp., gentle).
2.2.
Skewed-gentle algebras. Skewed-gentle algebras were introduced in [14] ; for the notion and notation we follow here mostly [7] .
Let (Q, I) be a gentle pair. Let Sp be a subset of vertices of the quiver Q and the elements of Sp are called to be special vertices, the remaining vertices are called ordinary.
For a triple (Q, Sp, I), let us consider the pair (Q sp , I sp ), where For any vertex in a quiver Q, its valency is defined as the number of arrows attached to it, i.e., the number of incoming arrows plus the number of outgoing arrows(note that in particular any loop contributes twice to the valency).
In fact, Bessenrodt and Holm pointed out that the admissibility of the set Sp of special vertices is both a local as well as a global condition [8] . Let v be a vertex in the gentle quiver (Q, I); then we can only add a loop at v if v is of valency 1 or 0 or if it is of valency 2 with a zero relation, but not one coming from a loop. Furthermore, for the choice of an admissible set of special vertices we also have to take care of the global condition that after adding all loops, the pair (Q sp , I sp ) still does not have paths of arbitrary lengths.
Example 2.4. (a) Let (Q, I) be the bound quiver as the following diagram shows. Then (Q, I) is gentle. In order to make (Q, Sp, I) to be skewed-gentle, the set Sp can only be {1}, {2} or the empty set.
) be the bound quiver as the following diagram shows. Then (Q, I) is gentle. In order to make (Q, Sp, I) to be skewed-gentle, the set Sp can only be {1}, {2}, {3}, {1, 2}, {2, 3}, {1, 3} or the empty set.
Let (Q, Sp, I) be a skewed-gentle triple. We associate to each vertex i ∈ Q 0 a set, denoted by Q 0 (i), on the following way: If i is an ordinary vertex then Q 0 (i) = {i}; if i is special then Q 0 (i) = {i − , i + }. We denote by (Q sg , I sg ) the pair defined in the following:
where 
sg ) is as the following shows.
3. Skew-group algebras. It follows from Geiß and de la Peña [14] that for any skewedgentle triple (Q, Sp, I), the corresponding skewed-gentle algebra KQ sg / I sg is Moritaequivalent to a skew-group algebra BG in the case of charK = 2, where B is a gentle algebra and G is a finite group, see also [7] . We recall it in the following precisely.
Let A be a K-algebra, and G a finite group acting on A via K-linear automorphisms. The skew-group algebra AG is the vector space ⊕ g∈G A[g] with multiplication induced by
Let (Q, Sp, I) be a skewed-gentle triple. For a given special (resp., ordinary) vertex i, let us denote by Q 0 [i] the set {i} (resp., {i
It follows from [14] that algebra B := KQ g / I g is gentle. We call (Q g , I g ) (resp., KQ g / I g ) the associated gentle pair (resp., associated gentle algebra) of (Q, Sp, I) or KQ sg / I sg . Consider the group G = {e, g|g 2 = e} which acts on B defined by the rule:
for all i ∈ Q 0 \ Sp, j ∈ Sp and α ∈ Q 1 . Then we get the skew-group algebra BG.
Example 2.7. (a) Keep the notations as in Example 2.6 (a). If
) is as the following shows.
2.4. Singularity categories and Gorenstein algebras. Let Γ be a finite-dimensional K-algebra. Let mod Γ be the category of finitely generated left Γ-modules. By D = Hom K (−, K) we denote the standard duality with respect to the ground field. Then
is an injective cogenerator for mod Γ. For an arbitrary Γ-module Γ X, we denote by proj. dim Γ X (resp. inj. dim Γ X) the projective dimension (resp. the injective dimension) of the module Γ X. An Γ-module G is Gorenstein projective, if there is an exact sequence
of projective Γ-modules, which stays exact under Hom Γ (−, Γ), and such that G ∼ = Ker d 0 . We denote by Gproj(Γ) the subcategory of Gorenstein projective modules.
For an algebra Γ, the singularity category of Γ is defined to be the quotient category [9, 16, 20] . Note that D b sg (Γ) is zero if and only if gldim Γ < ∞ [16] . For any two algebras, if their singularity categories are equivalent, then we call them to be singularity equivalent. Geiß and Reiten [15] have shown that gentle algebras are Gorenstein algebras. Since the property of being Gorenstein is also preserved under the skew-group ring construction with a finite group whose order is invertible in K, see [21, 4] , Geiß and Reiten also pointed out that skewed-gentle algebras are Gorenstein algebras in the case of charK = 2 [15] .
proof of the first main theorem
In order to prove the first main result, we describe a construction of matrix algebras which is obtained by X-W Chen in [12] , see also [19, Section 4] . Let A be a finite dimensional algebra over a field K. Let A M and N A be a left and right A-module, respectively. Then M ⊗ K N becomes an A-A-bimodule. Consider an A-A-bimodule monomorphism φ : M ⊗ K N → A such that Im φ vanishes both on M and N. Note that Im φ ⊆ A is an ideal. Then the matrix Γ = A M N K becomes an associative algebra via the following multiplication
Keep the notation and assumption as above. Then there is a triangle equivalence
. Note that the above construction contains the one-point extension and co-extension of algebras, where M or N is zero.
The following two lemmas are crucial to the proof of our first main theorem.
Lemma 3.2. Let (Q, Sp, I) be a skewed-gentle triple and (Q sg
Proof. We denote this path as the following diagram shows:
Note that p 1 , p 2 , α n α n+1 / ∈ I sg . Then we have α i α i+1 / ∈ I sg for any 1 ≤ i ≤ n + m − 1. First we define an operator Φ on p 1 p 2 as follows: for any 2 ≤ s ≤ n + m, if a s comes from a special vertex b s ∈ Sp, then there exists two arrows β 1 , β 2 with s(β 1 ) = t(β 2 ), such that a s ∈ {b
, by the definition of (Q sg , I sg ), which implies α s−2 α s−1 ∈ I sg or α s α s+1 ∈ I sg respectively, contradicts. So α
sg . Since p 1 , p 2 , α n α n+1 / ∈ I sg and the relations in I sg are either the zero relations or commutative relations, we know that there must be a finite sequence of operations:
n is a path of length n and p
for any 1 ≤ i ≤ n + m − 1, and discussing Φ j recursively, we get that α
Remark 3.3. The above lemma is not true for any finite dimensional algebra KQ/ I with the relations in I are zero or commutative relations. Here is an example, let (Q, I) be the pair as the following diagram shows.
Lemma 3.4. Let (Q, Sp, I) be a skewed-gentle triple and (Q sg , I sg ) its corresponding skewedgentle pair. For any oriented cycle α 2 α 3 . . . α n α 1 in Q sg , we get that either α 1 α 2 ∈ I sg , or α 2 α 3 . . . α n α 1 ∈ I sg .
Proof. Suppose α 1 α 2 / ∈ I sg and α 2 α 3 . . . α n α 1 / ∈ I sg . Then Lemma 3.2 implies
for any n > 0, and so KQ sg /I sg is infinite dimensional, contradicts.
Theorem 3.5. Let (Q, Sp, I) be a skewed-gentle triple. Then its corresponding skewedgentle algebra KQ sg / I sg is singularity equivalent to the gentle algebra KQ/ I .
Proof. For any vertex a ∈ Sp, there are two vertices a + , a − in Q sg . We denote by e a − the primitive idempotent corresponding to the vertex a − . Set Γ = KQ sg / I sg , and Γ ′ = Γ/Γe a − Γ, whose quiver is obtained from Q sg by removing the vertex a − and the adjacent arrows α + , α − . Then Γ ′ is a skewed-gentle algebra, in fact, Γ ′ is the skewed-gentle algebra with the corresponding skewed-gentle triple (Q, Sp ′ = Sp \ {a}, I). we discuss Γ in the following three cases.
Case (a). If the valency of a is 0, then KQ sg / I sg = Γ ′ ⊕ K, and it is easy to see that D 
Lemma 3.2 shows that φ is injective.
It follows from Lemma 3.4 that e a − Γe a − is isomorphic to K. We identify Γ with A M N K , where the K in the southeast corner is identified with e a − Γe a − . Note that A/ Im φ = Γ ′ . Then Proposition 3.1 yields a triangle equivalence
Case (c2). If b ∈ Sp, c / ∈ Sp, then the quiver Q sg is as the picture Case (c2) in Figure 1 shows. Then
M := Span K {p|p is a path in(Q sp , I sp ), and p = p 1 γ 2 for some path p 1 }, N := Span K {p|p is a path in(Q sp , I sp ), and p = β 2 p 2 or β 4 p 2 for some path p 2 }.
The remaining is similar to Case (c1), we omit the proof. Case (c3). If b / ∈ Sp, c ∈ Sp, then the quiver Q sg is as the picture Case (c3) in Figure 1 shows. This case is similar to Case (c2), we omit the proof.
Case (c4). If b, c ∈ Sp, then the quiver Q sg is as the picture Case (c4) in Figure 1 shows. The remaining is similar to Case (c1), we omit the proof.
Case (c4) Figure 1 . The quiver Q sg in Case (c).
To sum up, we get that
. Since Γ ′ is also skewed-gentle, we replace Γ in the above with Γ ′ , and discuss it recursively. After ♯(Sp) steps, we can get that D (a) gldim KQ sg / I sg < ∞, (b) gldim KQ/ I < ∞.
Proof. It follows from Theorem 3.5 that gldim KQ sg / I sg < ∞ if and only if gldim KQ/ I < ∞ since they are singularity equivalent.
proof of the second main theorem
We first recall the singularity category of a gentle algebra due to [17] . For a gentle algebra Λ = KQ/I, we denote by C(Λ) the set of equivalence classes (with respect to cyclic permutation) of repetition-free cyclic paths α 1 . . . α n in Q such that α i α i+1 ∈ I for all i, where we set n + 1 = 1. For convenience, we call any element c in C(Λ) to be full repetitionfree cyclic. For every arrow α ∈ Q 1 , there is at most one cycle c ∈ C(Λ) containing it. Moreover, we set l(c) for the length of a cycle c ∈ C(Λ), i.e. l(α 1 . . . α n ) = n.
There is an equivalence of triangulated categories
,
denotes the triangulated orbit category, see Keller [18] .
Let (Q, Sp, I) be a skewed-gentle triple. For any c = α 1 . . . α n ∈ C(Λ), if c passes through even (resp., odd) number of special vertices, then we call c an even (resp., odd) repetitionfree cyclic path. Here, we call a path c = α 1 α 2 . . . α n passing through a vertex b if b = t(α j ) for some 2 ≤ j ≤ n. We denote by C even (Λ) (resp., C odd (Λ)) the set of even (resp., odd) repetition-free cyclic path.
For any path c = α 1 . . . α n in Q and 2 ≤ i ≤ n, we set 
For (I) ⇒ (II), (III), let c = α 1 α 2 . . . α n be a full repetition-free cyclic path in Q containing α 1 .
(a) If c ∈ C even (Λ), then we claim that α We only need prove that for α
2 . . . α σn n , the other is similar. In fact, Lemma 4.2 yields that it is an oriented path in 
and then together with above, we get that α
− . In particular, α 1 . . . α n passes through even number of special vertices, so σ n = +, which implies α g . Similar to the above, we get that it is also full repetition-free.
(b) If c ∈ C odd (Λ), set l = α 1 . . . α n α 1 . . . α n , then we claim that
is a full repetition-free cyclic path. From c ∈ C odd (Λ), it is easy to see that σ n+1 (l) = − and σ n+i (l) = τ i (c) for any 2 ≤ i ≤ n. Thus
Similar to (a), we only need check that s(α
is special, then l passes through odd number of special vertices, and so σ 2n (l) = −. In this case, we have s(α ± n ) = t(α ± 1 ), and then α
g by the definition of I g . If s(α n ) is ordinary, then l passes through even number of special vertices, and so σ 2n (l) = +. In this case, we also have s(α 2 . . . α δn n be any full repetition-free cyclic path in Q g , where δ i = + or −, and α i is an arrow in Q for any 1 ≤ i ≤ n. Since s(α
i+1 ) for any 1 ≤ i ≤ n, where we set n + 1 = 1, it is easy to see that s(α i ) = t(α i+1 ). So α 1 α 2 . . . α n is cyclic. On the other hand, by the definition of I g , every zero relation in I g comes from a zero relation in I, it is easy to see that α i α i+1 ∈ I since α
i+1 ∈ I g for any 1 ≤ i ≤ n. If α i = α j for any i = j, then α 1 α 2 . . . α n is a repetition-free cyclic path.
Otherwise, without losing generalization, we assume that α m+1 = α 1 for some 1 < m < n. It is easy to see that δ m+1 = δ 1 since α
n is repetition-free, which also implies that m is unique. In fact, for any 1 ≤ i ≤ n, there exists at most one j satisfying 1 ≤ j = i ≤ n and α i = α j . We claim that α 1 α 2 . . . α m is a full repetition-free cyclic path. Since (Q, I) is gentle, for α 1 , there exists at most one arrow β with t(β) = s(α 1 ) such that α 1 β ∈ I. However, we know that α 1 α 2 , α m+1 α m+2 ∈ I, so α m+2 = α 2 . Inductively, we can get that α m+i = α i for 1 ≤ i ≤ m. Since α n α 1 ∈ I and α m α m+1 ∈ I, we also get that α n = α m = α 2m , which yields α 1 α 2 . . . α m is cyclic and α 1 α 2 . . . α m = α m+1 α m+2 . . . α 2m . In fact, we also know n = 2m. For any 1 ≤ i = j ≤ m, if α i = α j , then α m+i = α i = α j = α m+j , which contradicts to α Remark 4.6. Note that we do not assume that char K = 2 in Corollary 4.5. When char K = 2, we know that KQ sg / I sg is Morita equivalent to a skew-group algebra (KQ g / I g )G defined in Section 2.3, in this case, [21, Theorem 1.3] shows that gldim KQ sg / I sg < ∞ if and only if gldim KQ g / I g < ∞.
In the following, we denote by S n the self-injective Nakayama algebra of a cyclic quiver with n vertices modulo the ideal generated by paths of length 2. 
